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In this pape

aner, hvpersonic flow of a viscous. heat-conductine gas over
1 th paper, hyperson oIl a viscous, g gas gver

thin body is investigated for the case in which the boundary layer
thickness is comparable to, or even greater than, the thickness of the
body. In the terminology of [1], this corresponds to the regime of
moderate or strong interaction of the inviscid flow with the boundary

layer.

I

From an analysis of the equations of Navier-Stokes, the equations
and boundary conditions for the case of three-dimensional flow over a
pointed body are developed to the same order of accuracy A as the bound-
ary layer equations for plane and axisymmetric flows. Notwithstanding
that the relative change of pressure across the region where viscous
forces are important is of order 4, it turns out to be an essential
peculiarity of the flow investigated that this transverse change must
be taken into account, in contrast to the plane and axisymmetric prob-
lems.

Plane and axisymmetric hypersonic flows [2-4] over a slender body
may be divided fairly definitely into an inviscid flow and a boundary
layer; similarly, a three-dimensional flow can be divided into a viscous
and an inviscid flow.

Since in the viscous flow region the pressure depends mainly only on
the coordinate x along the flow direction, the inviscid flow will be
axisymmetric, to accuracy A. The proof is similar to that given in [5].
From the fact that the inviscid flow is nearly axisymmetric, it follows
that the ratio of the 1ift on the body in the case considered to the
1ift in inviscid flow is equal to zero to order A, i.e. to the accuracy
being considered.

Also given in the paper is a similarity solution of the system of

1179



1180 M.D. Ladyzhenskii

equations derived for three-dimensional flow; this is a generalization
of the well-known exact solution [6] of the equations of the axisym-
metric boundary layer with interaction. The asymptotic solution of the
equations of self-similar motion near the outer boundary of the region
of viscous flow 1Is obtained, which gives the possibility of verifying
the correctness of the problem as set up. In conclusion the case of
flow over a body of revolution is investigated for angle of attack much
smaller than the body thickness (ratio), for which linearization with
respect to the axisymmetric flow becomes possible. In Sections 1 to 3
the flow over a pointed body is investigated in detail, and in Section 4
the case of a body with small bluntness is investigated.

1. Hypersonic flow of a viscous, heat-conducting gas over a thin
body of arbitrary cross-section (all transverse dimensions much smaller
than the length) will be investigated; in particular, bodies of revolu-
tion at angle of attack. A cylindrical coordinate system x, r and o will
be used, where the x-axis is parallel to the velocity vector U, of the
undisturbed stream and goes through the foremost point of the body, r is
the radius-vector, o the polar angle, and the coordinates x and r are
expressed in units of the body length L. It will be assumed that the
equation of the surface of the body has the form r = TR (x, w), where
Ry ~ 1 is a given function, T << 1 (in the specific case of flow over a
thin body of revolution at small angle of attack, the body thickness
ratio and the angle of attack have the same order of magnitude, 7).

The following notation is introduced: ul,, vU, and wU, are, respec-
tively, the axial (along x), radial (along r) and circumferential com-
ponents of velocity, pp, is the density (p, is the density of the on-
coming flow), ppoU,? is the pressure, HU_? is the total enthalpy and
MM, is the coefficient of viscosity (uo is the coefficient of viscosity
corresponding to the total temperature of the oncoming flow). It is
assumed that the gas is perfect, having a constant value of the
adiabatic index k. The equations of momentum and the equations of con-
tinuity, energy and state are written, respectively, in the form
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Here, R, is the Reynolds number, evaluated at the total temperature
of the undisturbed flow.

The equation of the surface which separates the inviscid flow and
the boundary layer will be represented in the form r = 8Rg(x, w), where
§ << 1, Rg ~ 1. It is assumed that the width of the region & where dis-
sipative processes are important is of the same order* or greater than
the body thickness, 5, =7 (with the condition M5 =1); i.e. the regime
is one of moderate or strong interaction of the inviscid flow with the
boundary layer [1].

Due to the low density in the region of viscous flow, it may be
shown that the inviscid flow is over a body whose surface coincides with
Rs. From the small perturbation theory of hypersonic flow (1], it
follows that the thickness of the perturbed region of the inviscid flow

* For the regime § ~ 1, in a specific case of flow over a body of
revolution, fulfillment of this condition for zero angle of attack
does not ensure that the given theory is valid when there is angle
of attack a ~ 1. It is necessary that, for angle of attack, the con-
dition § ~ T be fulfilled in all meridional planes.
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is also of order &. From this, we find that for the independent vari-
ables throughout the perturbed region of the flow: x~ 1, r~ 5 and
@~ 1. The velocity component u along the x-axis is everywhere of order
unity. Using these estimates and equating, in order of magnitude, the
second and third terms of the continuity equation (1.4), we find for
the other two velocity components, v~8& and w ~ 8, everywhere in the

perturbed region.

From the properties of inviscid, hypersonic flow, we obtain the esti-
mate p ~ 52 for the pressure. As is well known (3,4}, the enthalpy in
the boundary layer at hypersonic speeds, h X H - u?/2, is of the same
order as the total enthalpy, even with strong cooling, i.e. h~ 1/2
(from this it follows that u~ 1). Using these estimates for the pres-
sure and enthalpy, we obtain, from the equation of state (1.6), p~8%/e,
where & = (k - 1}/2«x, We require that the error of the theory be A =
52/e << 1. Equating, in order of magnitude, one of the convective terms
(they are all of the same order) and one of the larger terms in equation
(1.1), taking into account the estimates obtained above (u~ 1, x ~ 1,

p ~ 8%/, u~ 1), we have, for the region of viscous flow

du 1 @ du &2 1 £\
s~ ) w9~ (%) 1.7

From equations (1.2) and (1.3) we find that the components of the
pressure gradient in the radial and circumferential directions are of
the same order of magnitude. From this is obtained an estimate for the
change of pressure Ap between any two points in the plane x = const
lying in the region of viscous flow (the distance between these points

is evidently of order not greater than &)

(1.8)
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From (1.8) it follows that Ap/p ~ §*/e82 ~ 8%/ = A, i.e. within the
error A, the pressure may be taken to be dependent only on =z,

Consequently, the inviscid flow must be axisymmetric to the same
accuracy, since in the viscous region there can be no significant
changes of pressure in the circumferential direction.

2. In the development of the initial equations and in writing the
boundary conditions, we shall not make use of the smallness of the
quantity &. We shall define § by the equality & = 30‘1/4. We shall re-
present the independent variables and the functions to be determined in
the viscous flow region in the form
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where quantities with subscripts 0 and 1 are of order unity.

The pressure is represented as the sum of two components, each of
which enters into the equations, as may be seen from what follows. The
outer boundary of the viscous flow region, whose equation is
r = 8Rg(x, @), is taken as the boundary of the effective body for the
inviscid flow. Within an error of order 82, the inviscid flow must be
axisymmetric. Therefore, the equations of the surface dividing the
viscous and inviscid flows may be represented in the form

r = 8Rs (z) + 8RB, (z,0) ©OF 1y = Ry (zg) + 0 (8?9 2.2)

We shall neglect the bluntness of the effective body (2.2). To the
hypersonic flow over the effective body (2.2) with thickness of order §
we may apply the well-known analogy with nonstationary flow [1], which
is valid up to error 82. Within this error, it is evidently possible to
set the quantity w ~ 83 in the equations of inviscid flow equal to zero.
Using the order of magnitude estimates for inviscid flow over a slender
body (1], we have

u=1-40(%, v=20v(xp1), w=0(0=0
p =8 p, (2o 7o)y P =pg (%o 7o)y H=1, (2.3)

where quantities with subscript 0 are of order unity, and the independ-
ent variables x, r and o transform according to equations (2.1). The
equation of the shock wave to the accuracy adopted is r = 8R (x) or

re = Rs(xo).

After going over to variables with subscript 0, which will be omitted
for brevity, in accordance with equation (2.3), the equations of in-
viscid axisymmetric flow can be written in the form

1 dp dpr dprv

v v . _ a p dp __
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The boundary conditions at the shock wave r = R_(x) take the form
(a prime denotes differentiation with respect to x)
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while on the surface of the effective body r = Rg(x) the tangency condi-

tion is applied: v = Rg'(x).

Dropping terms in the viscous flow equations (1.1) to (1.6) which
are of order 52 compared to the remaining ones, we have, in the new
variables (the subscript 0 is omitted for brevity)
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For the case of axisymmetric flow, for which » = 0 and 9/d = 0,
equation (2.6), in which the pressure is to be taken to be dependent
only on x within the accuracy adopted, and equations (2.9), (2.10) and
(2.11) form a closed system of boundary layer equations in which trans-
verse curvature is taken into account. Once these equations are solved,
the change of pressure p, across the boundary layer may be found from
equation (2.7). Equation (2.8) is satisfied identically. In the absence
of axial symmetry, equations (2.7) and (2.8) are solved together with
the others,

On the body, whose equation is ry = (1/8)Ry (x,, @,), the usual con-
ditions of no-slip and equality of gas temperature and wall temperature
are satisfied (or else the condition for heat flow into the wall) 2.12)

(<.

u=0,v=0H = h(z,0)( or 83H | On=Ny(z,w) for 7= %Rb(x, w)
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Here hb(x, @) is the enthalpy in terms of q»Z, corresponding to the
given temperature distribution on the body surface (correspondingly,
Ng(x, ®) is the given distribution of heat flux on the surface Rb(x, @)
and 9/%n is the derivative with respect to the normal to the body sur-
face).

On the boundary between the viscous and inviscid flows, we have,
taking into account the estimates (2.3), and to the accuracy adopted

u=1, v=Ry(z), w=0, H=1, forr=Ry@ (2.13)

Inside the viscous flow region h ~ 1, while outside it h ~ §%; there-
for the error introduced by taking A = 0 at the boundary does not exceed
that allowable, Condition h = 0 at the edge of the boundary layer was
investigated in [2-4] for axisymmetric flows., Condition (2.13) for the
radial velocity component v follows from the requirement that there be
no flux across the surface Rs(x).

Besides (2.13), we require that, in approaching the surface r = Rg(x)
from the viscous flow side, the viscous stresses and heat fluxes
approach zero

. 0 . 0 . 7 . oH
lim p—a-g«z llmu—a—z = lim p—a%:: lim p - =0
limp 2% = limp22 = limp 2 = 1imp 2 =0 tor r> Ry (2.14)

We write these in the form of limiting expressions because on the
actual surface r = Ra(x) the r-derivatives of the functions to be deter-
mined go to infinity (see Section §).

The method of solution of the problem is as follows: assigning the
function r = Rs(x), and taking into account the tangency condition and
the conditions at the shock wave (2.5), we solve the inviscid problem
(2.4), thus determining the pressure p on the surface r = Rs(x) as a
functional of R5(x). (In the specific case where Newton’s formula may
be used, we have simply p = (R5')2.) Putting the value of p thus ob-
tained in equation (2.6) and solving the system (2.6) to (2.11) with
boundary conditions (2.12) to (2.14), we determine the viscous flow and
find Rs(x). In accordance with the similarity laws for hypersonic viscous
flow [3.4], making use of a convenient form of writing them [8]. we find
that the solution depends on four dimensionless parameters, K; = M.5,

Ky, = 72/82 = T2JRO, k and o, and two functions, Ry(x, @} and hé(x, W)
(or Nb(x, w). For M, - ® the solution ceases to be dependent on K.

The system of equations (2.6) to (2.10) is of second order with re-
spect to u, v, w and H and of first order with respect to py, (the
density p is expressed in terms of H, in accordance with equation (2.11)).
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In addition, the solution depends on one unknown function Rg(x), through
p and the boundary conditions. Thus, the solution of the resulting
system of equations depends in all on 10 arbitrary functions. One of
these functions, dependent on x, enters into the solution for p, as a
parameter, since the quantity Py is differentiated with respect to r and
@ in equations (2.7) and (2.8), and no boundary conditions are applied
to Py This function, having the same order of magnitude as py. may, in
principle, be determined from the solution in the following approxima-
tion. Its presence does not show up in any way in the solution for the
remaining flow parameters - u, v, w, p, p and H. This function also does
not influence the quantities determined from the solution for the drag
force (due to the smallness of that force) and for the lift (due to the
fact that it adds an axisymmetric increment to p;). To solve the remain-
ing nine arbitrary functions there are the boundary conditions (2.12),
¢(2.13) and (2.14), of which there are just enough for a full solution

of the problem, as will be shown in Section 5 for the example of a
similarity solution.

3. To determine the order of magnitude of the forces acting on the
body, we enclose the body in a control surface having the form of a
cylinder with generators parallel to the velocity vector of undisturbed
flow, U, and by butt-ended planes perpendicular to U,. The rear butt-
ended plane is separated from the nose of the body by a distance equal
to the body length L. Instead of a cylindrical coordinate system, we
introduce Cartesian coordinates Lx, Ly and Lz, where the x-axis is in
the flow direction. Let u U, qum and u,l, be the corresponding
velocity components, and the remaining notation as in Section 1,

For the velocity components, we have u ~ §, u, ~ & everywhere, u =
1 + 0(8%) in the inviscid flow and u, ~ 17in the viscous flow.

Writing the momentum equation of a viscous gas in divergence form
and applying Ostrogradski’s formula to the volume of gas enclosed be-
tween the control surface and the body surface, we obtain for the forces
X, Y and Z acting in the directions of the coordinate axes the expres-
sions

1
) UX‘sz = Sg(i_Puxz’i‘xM 2*~‘p+1’xx)d»5' (3.1)
00~ o0 S foe)
B S a8, — L (= o+ 7.0 dS
pOOUOOELz _ 2 (“"‘ Puxuy‘Jr"Txy) ’ PooUoosz = ) PUL U, xz

Here, the integrals are taken over the area S of the rear butt-ended
plane, between the body and the shock wave; 7. Tey and 7,, are the
components of the viscous stress tensor expressed in units of PUn?.
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Each of the forces X, Y and Z represents the sum of pressure and
friction forces. We shall denote by S, and S_  the areas of the cross-
section corresponding to inviscid and viscous flow, respectively
(evidently S =S, + S, ). Applying the equation of mass flux to the butt
ended planes of the control surface, we have

Su+ Sew= {§ puads + { puds (3.2)

S. Sue

Using the estimates made in Section 1, we have, with S ~ S ~ 52

SetSpn = pdS +0(T) (3:3)

S

Using equation (3.3), we estimate part of the integral in the ex-
pression for X

(§ (1 — pu2) dS = 8, + Sy — ({ pu2 ds — (Jputds = 5, + Suu—
S

*

— {§ pas + 0 (64)~§:f (3.4)

52 ®
Estimating the remaining quantities, we obtain

otV 1 1 8 1 x
=TT poUE R, &' M} PooUZ L2

o0

S621 P~621 ~6$ (35)

For evaluating the lift Y, we estimate the integral

\§ pucoyas = (§ puwas + (§ puvyas ~Z o2+ S0 ~® 3.6)

S S. Sex

The integral over S, may be broken into two, over the half-ring z>0
and over the half-ring z < 0. Although each of these integrals is of
order 5%, being of opposite sign their sum is of order 5°/e, due to the
fact that the inviscid flow is axisymmetric up to error 52/e. The inte-
gral over S is estimated in the usual way in terms of the magnitudes
of the quantities in the integrand. Estimating Teyr W have, for Y ?3?7?

Pl 1 1 8 Y z & (637

V™ TS palUsl | R 8 poUntLr b U R ®

In the case of flow over a thin body of thickness T at angle of
attack o ~ 7, when the thickness of the viscous flow region is small
compared to the body thickness, the pressure change in the circum-
ferential direction changes its order of magnitude. Here we have, for Y

and Z
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Y Z 88/ 81\3
U~ T Wz ~3 ("‘;) [Yos: =0
5 /513 (3.8)
[Zlizs ~ 5 (3) 2l =0

If we take & ~ 7, then, with an error of order 8%/e, it is possible
to neglect the left and side force in comparison to the corresponding
quantities in the absence of viscous influence, i.e. to take Y = Z = @,

If the estimate (3.8) is insufficient, and it is necessary to deter-
mine Y and Z for 5 =7, this can be done after solving the problem
formulated in Sections 1 and 2. In evaluating X, Y and Z, it is neces-
sary to take into account not only the influence of the pressure forces
(the lift and side force are produced by the increment of pressure Ap,
dependent on r and @ and being of order 5*/e, in accordance with (1.8)),
but also of the friction forces, since here those forces are of the
same order,

4. In the case of flow over a slightly blunted cone (Ld is the di-
ameter of the bluntness) a layer of low density gas is developed (the
entropy layer). If this layer can be assumed to be viscous, then the
above theory is valid without any changes. For the case of an inviscid
entropy layer, assuming that its thickness vl satisfies the inequality
v =827, we obtain from the equations of mass flux and entropy an esti-
mate for v

2 2 pr v 2 2(>¢M 1) EQTT
d? ~ PULV”, pN—-—a—— ~T(p —~ Uy~ 1), Ny o~ gint d (41)

In [5], where this estimate was obtained, ¢ was taken to be of order
e ~ 1. The change in pressure across the entropy layer (5] is Ap ~
v2/%/e. For the boundary layer, Ap ~ §%/e. Thus, across the whale region
occupied by the boundary and entropy layers, whose thickness is

L '

V & ~ eXTD GetT (%) h (4.2)
0

the pressure is constant, with an error not exceeding vZ/®/e. Within the

same error, the lift on the body at angle of attack a<{v + & is equal

to zero.

D. Let us assume that M, = », and the temperature of the surface of
the body is constant or the body is insulated. For the case where the
body surface (2.12) is given in the form A {x, w) = Xb(m)x3/4, the equa-
tions derived in Section 2 permit a similarity solution, which is a
generalization of the solution [6] for axisymmetric flow (for Xp =
const). We shall use the variables (2.1), dropping the subscript 0. We
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look for the equation of the outer boundary of the viscous flow region
in the form Ry(x) = q5x3/4, where ng is a constant quantity which is to
be determined. The equations (2.4) of inviscid axisymmetric flow with
boundary conditions (2.5) have a similarity solution (9], for which the
pressure p on the surface Ry = q8x3/4 is written

dRg \2 9y (x) M __ M’
leFW(’d?) =T vs V=

From the calculations in [10], y = 1.274 and ¢ = 0.51 for x = 1.4.
Equation (5.1) gives a functional relation between p and Rg. We look for
the remaining functions to be determined in equations (2.6) to (2.11)
in the form

(5.1)

2=U o) v=2z"Wme) wv=z"Whoe)

.2)
P=$_l/'R(7|ﬁ0))r Hzfl(nvm)v plzl)l/x’ 7]=r/$s/‘
Equations (2.6) to (2.11) take the following form:
Ao B 2 ) ) o
R =40 n{E S L )
a8 14 ]
4RI - Al et) - L)+
Il w
+ o[ mar ()] o () — e (-4)
R(V— o)+ (5 — S+ ) 5% = — 1o (ki) +
a8 au
I I I
o () + s W) + 2 202 2 () (5.5)
o (RV 200 — SEEGE — gm0 (5:)
R - 3o TR L) e
a Uz 2
RTINS L
engt = &=V Ry u:p%% h=H—2, =+ (58)

The boundary conditions on the body (2.12) and at the edge of the
viscous layer (2.13) take, respectively, the form
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U= 0, V=0, W =0, H=h for 1= (1/8) %b (w) (5.9)

U=1, V=%m W=0, H=1,

limp3 = limp 5 = limp 5 = limp G =0 for n—mn, (540)

Let us investigate the asymptotic behavior of the solution in the
vicinity of the outer boundary of the viscous flow region, restricting
ourselves, for simplicity, to the case where the Prandtl number o =1
and the coefficient of viscosity depends linearly on the enthalpy, u =
2H —~ U2. On the basis of (5.10), in the vicinity n = ng it is possible
to introduce small quantities (indicated by the subscript *) which
approach zero for n = 0

N="1 + N H=1,+H,
U=14U, V=%np-+V, W=W, (5.11)

Here, R = @ for n - 0. Let us assume (it will be verified later)
that all quantities with subscript * are of the same order of magnitude
0(n,), so that the derivatives of these quantities with respect to n_
are of order unity. Differentiation with respect to o does not change
the order of the quantity. From equation (5.8) it follows that R~ n -1
taking into account the linearity of u(n), we obtain u~n_. Putting
expression (5.11) into equations (5.3) to (5.8) and neglectlng quanti-
ties of order n_ in comparison with unity, we find that the system of
equations separates into two groups, which can be solved successively.
We introduce the notation

3ms U,
V,=R(V, -2 2 ) (5.12)

We represent equations (5.3), (5.6), (5.7) and (5.8) in the form

U eng® 9 0U, v, N 0H, _ & ( 08H,

*6n:-T—371;( W) o, TH=0 ann*_an*(”an*)
o =R (H, —U) (e — 1) /%  p=2(H,—W,) (513

We go over from the variables n_ and o to the variables { and o,
where the Dorodnitsyn variable { is given by

Ny

t= \ Rdn,,  mu= a6 (5.14)

N1

Here, the integral is taken at a constant value of o, and n*l(m) is
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an arbitrary function. Equations (5.13) do not contain derivatives with
respect to w and therefore integrate easily. From the second equation
of (5.13) we obtain

Trt1=0, Vi=—l+710)=—2 (5.15)

The arbitrary function y{w) resulting from the integration may be
taken equal to zero, taking note of (5.14), without any loss of general-
ity; this results only in a change of the function n*l(w).

Taking into account equations (5.12) to (5.15), the third equation
of (5.13) and its solution are written as

3 0°H, _ 2xeng?
agﬁ +§ ag =0 (}‘_ %—1 ) (5.16)

Hy =} (v) SGXP(—Q%)dszI(w)_efp_('_gﬁw (1_§_+___)

We have required that n - 0, and, consequently, H =0 for { -~ o
It is not difficult to show that, if { g remains finite for 1, = 0, then
the condition of zero heat flux and viscous stress at the edge of the
viscous flow region is violated. Thus, for n << 1, we have [ >> 1,
which makes it valid to use asymptotic expan51ons in (5.16) and below.

The first equation of (5.13) is written as

At S e, —U) = (e="") (5.17)
where H_is given by (5.16). The particular solution of equation (5.17)
is ev1dently U, =H,. We look for a solution of the homogeneous equa-
tion, which depends on an arbitrary function f,(0), in the form of a
generalized power series in powers of [~!, multiplied by exp(-[%/2A).
The result is (noting that U - 0 for [ ~ «)

o P2
U, = fl((ﬂ)expé g2 /2M) (1_§+) + (5.18)
f2 () exp (— L%2h) AM{1+e) (24
-+ : ;i-sz [ 2° + .”j]
Using the fourth of equations (5.13), we find for the density
_ A __ M"Mfexp@2M[, , Al +e)2+e)
Ry =r5= — "t Lt o] (649)

From equation (5.14) we have

I3 —r 2 1—
§d;= 2fz(0))EX§I;£! £2/21) [1+x( +;§)2( 0 ] (5.20)

Ny = —

|
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Since { goes to infinity for n_ - 0, the solution does not depend on
the arbitrary function n_,(e) in equation (5.13).

From equations (5.12), (5.15), (5.18), (5.19) and (5.20), we have

315/1 (0) £ A
Vw:_qfwm(—ﬁxy_f+“)+ (5.21)
2/2 (0) exp (— £%/2)) 3amg A (€2 + 3e + 0.5)
+ s RNl 2109 4]

All the functions of » are periodic with period 2w. Equations (5.4)
and (5.5), after dropping quantities of order n_ compared to unity, can
be written in the new variables

y e _ 3 R SO
x "ot 16 g ~ 3 o
1 (0P 1 9P, (3;

ow ,, RW, ( ) 10pP,
RV x g + 2 +7|5 0o /t=const ' My 0 a('0>11=const

W
=RA 2" (5.22)
The derivative of P; with respect to @ with n = const in equation
(5.5) has been replaced in the second equation of (5.22) by the deriva-

tive with respect to o with { = const.

Integrating the first equation of (5.22) with respect to {, taking
(5.15) into account, we have

315 4, oV ¢
Po=gp b Wt g = [Vadt + @) do +C (G.23)
The arbitrary function of w which results from the integration in
(5.23) can be conveniently written in the form of a sum of an integral
of another arbitrary function fs(m) and a certain constant C. The condi-
tion of closure of the body contour, taking account of the periodicity
of the functions f,;(w) and f,(w), gives
2n
Py(5.0) =P (2% or | filw)do =0 (5.24)
0
We differentiate through equation (5.20) with respect to o, taking
n, = const, finally obtaining
N _ A dfaf, A@+e)
(). = i [~ - - (5.25)

Using equations (5.15), (5.19), (5.23) and (5.25) and neglecting
terms of order n_ compared to unity, we transform the second equation

of (5.22) to the form
5, OV Wy W __ 3 dh p(—€2>><

oz2 +& az 2 g2 9o
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_ A2t B+e) _26@7() [ _rA+e)@te)
x |1 4 gt [t St ] (s.26)

The solution of this equation can be written as

— 3 dfy exp(—1%2h) A2 e) (3L e
e i
4f3 (0) fa (@) exp (— EB/20)[, _ A(1+48)(2+e) (1 —2e) (3 —2)

-+ Ang (1 —2e) gl*e [1 2(1+2e)(3+2¢) 7 + ]—%—
fa (@) z 151
+ 4@,/’ eXp (— Qx) (1 + S—Q? + . '> (5.27)

The asymptotic solution, (5.16), (5.18), (5.19), (5.20), (5.21),
(5.23) and (5.27), of the original equations depends on four functions,
f1(@), f,(@), fy(e0) and f,(v) and one constant quantity, ng (the con-
stant C in equation (5.23) for P| evidently has no effect on the result.
In principle, this quantity can be determined from a higher order
approximation of the solution. In other words, the given solution makes
it possible to find P, correctly up to an additive constant). It is
essential that f3(w) satisfy condition (5.24). The dependence of the
solution on one constant quantity, ng, and a periodic function f3(w),
whose integral over a period is equal to zero, is equivalent to the de-
pendence on a certain arbitrary function on which no conditions are im-
posed. The remaining functions f,(w), fy(w) and f,(w) will be arbitrary.
Thus, the asymptotic solution depends on four arbitrary functions. On
the body there are just this many boundary conditions (5.9).

As follows from the solution, all the functions sought, except the
density, behave near n = ng like [* exp( -{%/2\) + const, which with
(5.20) can be rewritten as (ng - n){ln(qa - q)]“ + const, where « is
some number. Thus, for n = ng, the derivatives of the quantities to be
determined have logarithmic singularities. The density R~ (ng - -1
In(ng = n) goes to infinity for n = ng.

Once the asymptotic solution is obtained, it can be refined. The
condition for which all quantities with subscript * are of order n
means that these quantities, including n_, may be represented in the
form of a product of exp( -{?/2A) with a certain generalized power
series in powers of [~!.

In obtaining the asymptotic solution, the quantity n*z was neglected
in comparison with quantities of order n,. Lf the omitted terms of order
n*z ~ exp( ~{2/2)), determined from the first approximation, are now
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placed in the right-hand side of each of the simplified equations, for
example, equation (5.17), then it is possible to obtain a correction to
the solution which is proportional to the product of exp( ~{%/2A) with
a certain generalized power series in powers of [~

Repeating this procedure, we find that the asymptotic solution for
U has the following structure:

o0
a O 2
Up= “’;fa)exp[(— %) “ +k)], a=a(k) (5.28)
k=0, n=0 £

In fact, the asymptotic expansions for the remaining quantities with
subscript * have the same form. The expansion for R begins with k = -2.
In equation (5.28) the coefficients ank(m) of the double series depend
on the functions f (), f,(@), fi3(w), f,{w) and the constant n§: as may
be easily shown.

6. We investigate the case of flow over a thin body of revolution at
small angle of attack « << v & &. With this, it is possible to linear-
ize around the solution of the corresponding axisymmetric flow. Instead
of equations (2.1), we may write for the functions to be determined

6.1)
T = r=208ry, © =0, u=1u,(Zy ry) + a (Zy Ty )
v = 8vy (Tg, To) + Va (Tg, Ty o)y W = Wa (g, Ty W)
= 8%py (zo) -+ 8*py (%o, To) + P, (Zos Toy @)
= 8%pqy (%0, To) -+ P, (Zgs Tos @), H = 8H, (%, To) + }Ya (%9, To, @)

Quantities with subscript 0 and the quantity p, in the expression
for the pressure, being of order unity, correspond to the axisymmetric
flow. It is assumed that the angle o is so small that the perturbations
with subscript «, which depend on the angle of attack, are much smaller
than the basic quantities. The equation of the surface of the body,
whose axis of symmetry makes a small angle o with the x-axis of a
cylindrical coordinate system, is written in the form

r= 1Ry, (z2) + Ry (z,0) or ry= Rb (£g) — — 2o €08 ®y (6.2)

We reduce the boundary conditions (2.12) on the surface (6.2) to the
body surface for o = 0. Taking into account that quantities with sub-
script 0 satisfy those boundary conditions on the body surface for «=0,
we have, for example, for u {neglecting products of small perturbations
with subscript «) (6.3)

b=y + 2 [y 4 ] [ G )| ) + S [2] =0
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where the square brackets indicate that the given quantity is taken on
the body surface at o = 0,

The remaining boundary conditions are written similarly (the condi-
tion for the enthalpy is taken in the form H = hy). Taking (6.2) into
account, we obtain

o Bug - 8wy 0
Uy = 5 Ty *S};CGS By, Py = Eﬁgg’;‘; CO8 0y, Wy ==
@ aH, T
Hy = &= 1y —— c0s w, for ro = & Rb(z) (6.4)
) dry 8

Fquations {6.4) determine the orders of the quantities Ugr Uy ané.ﬂg*
and equations {2.6) to (2.11) the orders of the remaining quantities
with subscript «. In addition, as a result of the linearization and on
account of (6.4), it is possible to find the dependence on w,; per-

turbations depending on angle of attack effects take the form

[ o
Up= w0 C0S g, Pa = ad’p’cos @y, Hy =5 H'coso
Uy = 07 COS @y, Py = 0P’ COS @y, W, = ow’ sin @, {6.5}

where primed quantities are of order unity. In linearizing equations
(2.6) to (2.11) an error of order o/8 is introduced, as may be easily
seen. Equation (2.2) of the outer boundary of the viscous flow region
takes the form

ro = Rs (z,) -+ adR’ (x,) cos @ = Ry (x) (6.6)

Boundary conditions (2.13) on this surface assume a simple form,
with an error ob which is significantly smaller than the allowable error
a/5 ‘

a’ ES {L 7}" == 0’ w' E= O, H’ == O for ry = RS (%‘Q) (6‘?)

The problem is solved in the following manner: first, u,, v,, @, Py,
po and Hy (it is not necessary to determine p;) are found from the usual
equations for the axisymmetric boundary layer, after which the perturba-
tion quantities are found from the linearized equations (2.6) to (2,11}
together with the boundary conditions (6.4) and (6.7).

The author is grateful to V.S. Galkin, M.N. Kogan, V.S. Nikolaev,
V.V. Struminsky and V.V. Sychev for very useful discussions.
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